Abstract. J. Pevtsova and the author constructed a "universal p-nilpotent operator" for an infinitesimal group scheme G over a field k of characteristic p > 0 which led to coherent sheaves on the scheme of 1-parameter subgroups of G associated to a G-module M . Of special interest is the fact that these coherent sheaves are vector bundles if M is of constant Jordan type. In this paper, we provide similar invariants for a finite group τ which recover the invariants earlier obtained for elementary abelian p-groups. To do this, we replace the analogue of 1-parameter subgroups by a refined version of equivalence classes of π-points for kτ . More generally, we provide a construction of vector bundles for the semi-direct product G ⋊ τ of an infinitesimal group scheme G and a finite grooup τ .
Introduction
As shown to us by Quillen [23] , [24] , the spectrum Spec H
• (τ, k) of the even dimensional cohomology of a finite group τ is an important invariant, where k is a field of characteristic p for some prime p dividing the order of τ . (If p = 2, we set H
• (τ, k) = H * (τ, k), the full cohomology algebra.) For τ = E ≃ Z/pZ ×r , an elementary abelian p-group of rank r, there is a natural map S
• ((J E /J E ) * ) → H
• (E, k) which induces a homeomorphism of prime ideal spectra, Spec H • (E, k) → A JE/J 2 E . Here, S
• (V ) denotes the commutative, graded k algebra generated by V and A JE /J 2 E ≡ Spec S
• ((J E /J E ) * ) is the affine space associated to the vector space
Much of this paper confronts the challenge posed by the observation that there does not appear to be a "canonical" way to associate to a point in A JE /J 2 E a p-nilpotent operator on kE-modules.
In contrast, if g is a p-restricted Lie algebra with restricted enveloping algebra u(g), Spec H
• (u(g), k) maps homeomorphically (i.e., is a map of schemes which is a "p-isogoeny" in the sense of [23] ) to the variety N p (g) of p-nilpotent elements of g (see [11] , [30] ). For any u(g)-module M , the action of g on M affords the action of X on M for any X ∈ N p (g). In particular, if g = g ⊕r a , the commutative Lie algebra of dimension r over k with trivial p-restriction, then u(g ⊕r a ) = S
• (ǫ)/(X p , X ∈ ǫ), where ǫ is the underlying vector space of g ≃ → A ǫ . Thus, if we choose an isomorphism kE ≃ u(g ⊕r a ) (thereby identifying J E /J 2 E with ǫ), then we can associate p-nilpotent operators on kE-modules to points of A ǫ . This is the approach taken by various authors to associate vector bundles on projective spaces (namely, Proj S
• (ǫ * )) to kE-modules of constant Jordan type (see [15] , [2] , [1] ).
For a given elementary abelian p-group E, a choice of k-vector space splitting J E /J 2 E → J E of the quotient map J E → J 2 E determines an isomorphism S
• (J E /J 2 E ) → kE and thus an isomorphism u(g ⊕r a ) ≃ kE (where we have identified the underlying k-vector space of g ⊕r a with J E /J 2 E ). A reasonable splitting is given once a choice of generating set {g 1 , . . . , g r } of E is made. Such a choice determines the generating set {x 1 = g 1 − 1, . . . , x r = g r − 1} of the ideal J E whose image {x 1 , . . . , x r } is a basis for J E /J 2 E . This is the approach used in the past when investigating vector bundles associated to certain kE-modules as in [1] , [2] .
Our "solution" to this lack of naturality of associating a p-nilpotent operator to an element of J E /J 2 E is to replace S
• ((J E /J 2 E ) * ) by S • (J * E ), thereby avoiding the necessity of a choice of splitting. To the reader familiar with support varieties, our construction is somewhat analogous to replacing J. Carlson's cyclic shifted subgroups [3] in the definition of support varieties for kE-modules by equivalence classes of π-points considered by Pevtsova and the author for any finite group τ (see [13] ). We introduce a universal p-nilpotent operator which is natural with respect to E, Θ E ∈ S
• (J * E ) ⊗ kE. The operator Θ E determines a p-nilpotent operator Θ E,M : S
• (J * E )⊗M → S • (J * E )⊗M for each kE-module M . Taking kernels, images, and cokernels of powers of the projective variant PΘ E,M : O PJ E ⊗M → O PJ E (1)⊗M of Θ E,M provides coherent sheaves on P JE ≡ Proj S
• (J * E ). If M is a module of constant Jordan type for E, then these coherent sheaves are vector bundles. Proposition 3.3 shows how to recover from this construction the earlier construction of vector bundles introduced in [15] using a choice of splitting of J E → J E /J 2 E . In order to consider an arbitrary finite group τ , we introduce in Section 1 the commutative k-algebra A τ defined as the inverse limit of polynomial algebras S
• (J * E ) indexed by elementary abelian p-subgroups E ⊂ τ and consider the affine k-scheme X τ = Spec A τ ≃ lim − →E A JE equipped with the action of τ given by conjugation.
We also consider X . The naturality of Θ E enables the definition of the p-nilpotent operator Θ τ ∈ A τ ⊗ kτ . This determines the p-nilpotent, τ -invariant A τ -endomorphism Θ τ,M of M ⊗ A τ and its projective variant PΘ τ,M for any kτ -module M .
Associated to a finite dimensional kτ -module M , we construct τ -equivariant coherent sheaves on PX τ in Theorem 2.16 by taking kernels, images, and cokernels of iterates of PΘ τ,M . For kτ -modules of constant j-rank, these coherent sheaves restrict to τ -equivariant vector bundles on U τ ≡ PX τ \PX (2) τ . Such τ -equivariant vector bundles can be identified with vector bundles on the quotient stack [U τ /τ ]. The quotient scheme (PY τ )/τ is p-isogenous (and thus homeomorphic) to Proj H
• (τ, k). Thus, our construction of vector bundles on [U τ /τ ] is analogous to the construction in [12] and [13] of vector bundles on a scheme p-isogenous to Proj H
• (G, k) for an infinitesimal group scheme.
In Section 4, we observe that the class in K 0 (U τ ) of these bundles (forgetting the action of τ ) is somewhat accessible since the natural projection p τ : U τ → PY τ induces an isomorphism on Grothendieck groups of vector bundles.
For a reductive group G defined over F p and a finite dimensional rational Gmodule M , we revisit in Section 5 the challenge of comparing the restrictions of M to G(F p ) and G (r) (the r-th Frobenius kernel of G). We relate our support variety for the finite group G(F p ) to the support variety for G (1) (the p-nilpotent cone N p (g) of g = Lie(G)) and then "lift" this relation to the support variety V r (G) of G (r) . Our investigation refines and extends the original work of Z. Lin and D. Nakano [18] proving "Parshall's Conjecture" comparing the support varieties for G(F p ) and G (1) and further work by various authors (e.g., [6] and [9] ).
In Section 6, we combine the construction given in [15] of coherent sheaves associated to finite dimensional G-modules for G infinitesimal with our construction for finite groups. The result is a construction which yields vector bundles associated to modules of constant Jordan type (or, more generally, of constant j-rank) for any finite group scheme of the form G ⋊ τ , where G is an infinitesimal group scheme and τ is a finite group. For k algebraically closed, every finite group scheme is of this form.
Throughout this paper, p is a fixed prime, k a field of characteristic p, and τ is a finite group of order divisible by p.
We thank Jesse Burke, Marc Hoyois, Julia Pevtsova, and Paul Sobaje for various conversations which have helped shape this paper.
X τ for a finite group τ
We begin this section with the following useful theorem of D. Ferrand which we will apply to obtain various schemes associated to τ . The reader familiar with cohomological support varieties can interpret these schemes as geometric variations of Spec H
• (τ, k). 
(i.e., A ≃ A 1 × A1,2 A 2 ) and assume that q is surjective. Then
is cocartesian (i.e., a push-out square) in the category of k-schemes (and q is a closed immersion).
The following proposition extends Theorem 1.1 to certain colimits realized as iterated push-out squares. Proposition 1.2. Let C be a category whose set of objects is a finite collection {V i , i ∈ I} of subspaces of a fixed finite dimensional k-vector space V and whose maps are inclusions (commuting with the fixed k-linear embeddings
where the limit is taken in the catgory of k-algebras and the colimit is taken in the category of k-schemes.
Proof. We proceed by induction on the dimension of V , which we may assume to be spanned by the V i ; in other words, we may assume that V ≃ lim − →C V i , where the limit is taken in the category of k-vector spaces. Let V 0 ∈ C be chosen such that V 0 contains some element not in the span V ′ , the span of {V i , 0 = i}. If V 0 = V , then the assertions of the proposition are trivial, so we may assume that V 0 is a proper subspace of V . Denote by C ′ the full subcategory of C whose objects are those of C except V 0 , and set
is Cartesian. By induction, the left vertical map of (3) is surjective which implies that the right vertical map is surjective since (3) is Cartesian. Consequently, Theorem 1.1 plus induction implies assertion (1) . Equivalently, the following is a push-out square of schemes
Assertion (2) follows from the observation that the natural map lim
as required in assertion (3), we proceed once again by induction on the number of objects of C, so that the assertion is assumed valid for the proper subspace V ′ ⊂ V . Choose a basis of V consisting of elements x 1 , . . . , x m ∈ V ′ \V 0 , elements y 1 , . . . , y n ∈ V ′ ∩ V 0 , and
, where h(y) is the polynomial f (0, y) = g(y, 0).
×r be an elementary abelian p-group with identity element e, group algebra kE, and augmentation ideal J E ⊂ kE with natural basis {g −e, e = g ∈ E} as a k-vector space. Our strategy is to replace the r-dimensional k-vector space J E /J 2 E by the p r − 1-dimensional space J E and/or the pair (J E , J 2 E ). Definition 1.3. For any finite group τ , we denote by E(τ ) the category whose objects are elementary abelian p-subgroups of τ and whose maps are inclusions. If E ∈ E(τ ) and x ∈ τ , we denote by E x ⊂ τ the subgroup consisting of elements xgx −1 , g ∈ E and let c x : τ → τ denote conjugation by x sending g ∈ τ to g x ≡ xgx −1 . We also denote by c x : kE → kE x the induced map on group algebras.
Conjugation determines the action
The following proposition introduces the affine scheme X τ for a finite group τ , specializing to the affine space of dimension p r − 1, Spec S • (J * E ) ≡ A JE , for τ equal to an elementary abelian p-group E of rank r.
is a finitely generated commutative k-algebra with a natural grading induced by the grading on each symmetric algebra S
• (J * E ). Moreover, the affine k-scheme
equals the colimit in the category of schemes given by
Furthermore, X τ is reduced (i.e., A τ has no non-zero nilpotent elements). A point of X τ is a point of some affine space A JE , and thus a k-rational point can be viewed as an element of J E for some E ∈ E(τ ).
Proof. We apply Proposition 1.2 with C equal to the partially order set of vector spaces {J E , E ∈ E τ }, where each J E is a subspace of the vector space colimit lim − →E∈E(τ) J E . This establishes most statements of the proposition. The action of τ on A τ arises from the action of τ on E(τ ). The natural grading on each S
• (J * E ) and the fact that the restriction map S
is a graded map (i.e., preserves gradings) for any E ′ ⊂ E provide a grading on A τ . If E 1 , . . . , E s is a list of the maximal elementary abelian p-subgroups of the finite group τ , then X τ is obtained from the disjoint union s j=1 A JE j by identifying the images of A JE i ∩E j in A JE i and in A JE j . In particular, A τ is a subalgebra of the product algebra s j=1 S
• (J * Ej ) and thus has no non-zero nilpotent elements. The last statement concerning the representation of a k-rational point of X τ as an element of some J E is immediate from the description of X τ as a colimit.
The conjugation action of τ on E(τ ) given by (5) determines an action of τ on X τ as a k-scheme (or, equivalently, on A τ as a k-algebra). We proceed to make this explicit. Definition 1.5. Let E 1 , . . . , E s be a list of the maximal elementary abelian psubgroups of the finite group τ and represent an element f ∈ A τ ⊂ s j=1 S
• (J * Ej ) by an s-tuple {h Ej ∈ S
• (J is the scheme-theoretic colimit of affine schemes and closed immersions. We define the sheaf of regular functions on lim
) by using the evident identification of the images of (
) is isomorphic as a local ringed space to Proj(A τ ).
To show that PX τ ≡ Proj(A τ ) equipped with the natural maps PX E → PX τ , E ∈ E(τ ) is the colimit in the category of schemes, we consider a compatible family of maps PX E → Z for varying E ∈ E(τ ) with Z an arbitrary k-scheme. We must show that this data uniquely determines a map PX τ → Z. Such a map is determined by its restrictions to each open subset U z ⊂ PX τ ; similarly, the restrictions to the pre-images of U z of a compatible family determine the family. Thus, Proposition 1.4 with A τ replaced by A τ [1/F z ] for all z ∈ PX τ implies that PX τ is the scheme-theoretic colimit lim − →E∈E(τ) (PX E ).
In the following proposition we shall consider
Remark 1.12. The natural τ -equivariant embeddings PX (j) τ ֒→ PX τ provide a filtration of PX τ by closed subschemes.
The fibre of p τ : U τ → PY τ above a point x ∈ PY τ can be described as follows. Let {E 1 , . . . , E s } be the set of elementary abelian subgroups of τ with the property that x ∈ PY Ei ⊂ PY τ . Then p
by the equivalence relation in which a point of A J 2 E ℓ is identified with its image in A J 2
The following proposition incorporates a fundamental theorem of D. Quillen [23, 7.1] . (The action of τ on Spec H * (τ, k) is trivial.) Proposition 1.13. There are natural (with respect ot τ ), τ -equivariant, surjective maps
equivariant with respect to τ (where τ acts trivially on Spec H * (τ, k)); the map
. These maps induce surjective maps
contravariantly functorial with respect to inclusions of finite groups.
is the colimit with respect to E ∈ E(τ ) of maps of schemes induced by the compositions of restriction maps 
is a "p-isogeny" (i.e., has kernel and cokernel whose elements have some p-th power 0) (see [24, 8.10] ). We verify by inspection that the natural map (lim
an isomorphism, thereby implying the homeomorphism
To verify the naturality with respect to τ , we observe that a homomorphism φ : σ → τ of finite groups induces a map of partially order sets E(σ) → E(τ ) and thus a map of commutative k-algebras B τ → B σ : for each F ∈ E(σ), the composition
followed by the surjective map
. This applies equally to determine A τ → A σ . A similar argument shows that the embedding
This map factors through (PY
, since the action of τ on Proj H
• (τ, k) is trivial. The construction τ → PY τ is natural with respect to injective group homomorphisms φ : σ → τ is injective; the injectivity condition iof φ mplies that F → φ(F ) is an isomorphism for all F ∈ E(σ) so that we may apply Proj to the graded maps
. Thus, we obtain embeddings of colimits
2. τ -equivariant quasi-coherent sheaves on X τ and PX τ
We begin this section with a few generalities about τ -equivariant sheaves on a scheme, with τ an arbitrary discrete group. Beginning with Definition 2.5, we return to the context of Section 1 in which τ is finite. In Definition 2.5, we introduce the operator Θ τ ∈ A τ ⊗ kτ , our analogue of the universal p-nilpotent operator Θ G ∈ k[V r (G)] ⊗ kG for an infinitesimal group scheme G of height ≤ r (as in [29] ). As defined in Definition 2.7, Θ τ determines an A τ -linear map
for any kτ -module M ; we verify that Θ τ,M is p-nilpotent and τ -equivariant. Taking kernels, cokernels, and images of Θ j τ,M for some j 1 ≤ j < p, leads to coherent sheaves on X τ (see Theorem 2.14) and on PX τ (see Theorem 2.16). If M has constant j-type, then these coherent sheaves associated to Θ j τ,M are vector bundles (i.e., locally free coherent sheaves).
Definition 2.1. Let X be a k-scheme and G a group scheme over k with multiplication m : G × G → G. An action of G on X is the data of an action morphism (over k) µ : G × X → X satisfying the usual identities required for a group action.
Let F be a quasi-coherent sheaf on such a k-scheme X equipped with a G-action over k. The structure of a G-equivariant sheaf on F consists of an isomorphism of sheaves on
where p : G × X → X is the projection onto the second factor; φ is required to satisfy the conditions that its restriction to {e} × X is the identity on F and that its pull-backs via 1 × µ, m × 1 : G × G × X → G × X are suitably related. We may view φ F as the data for each "point" g of the group scheme
′ of G-equivariant, quasi-coherent sheaves on X is a map of quasi-coherent sheaves which commutes with the G action in the sense that
Remark 2.2. A G-equivariant, quasi-coherent sheaf on a k-scheme X equipped with the action of a group scheme G is equivalent to a quasi-coherent sheaf on the quotient stack [X/G].
For a discrete group τ , we can view a τ -equivariant, quasi-coherent sheaf F on X (equipped with an action of τ ) as follows. As a scheme τ × X is the disjoint union g∈τ g X where each g X is a copy of X. For each open subset U ⊂ X, the
is the open subset of points x ∈ X such that gx ∈ U . The conditions of Definition 2.1 are that φ 1,U is the identity and that
quasi-coherent sheaves on X is a map of of quasi-coherent sheaves determining commutative squares for each open subset U ⊂ X and each g ∈ τ :
(12)
If ψ : F → G is a map of τ -equivariant, quasi-coherent sheaves on X, then the kernel and cokernel of ψ in the category of quasi-cohoerent sheaves are both τ -equivariant.
Example 2.3. If X is a scheme equipped with a τ -action, then the structure sheaf O X is naturally τ -equivariant. For any open U ⊂ X and any g ∈ τ , we define φ g,U :
Example 2.4. If X = Spec A for some finitely generated, commutative kalgebra equipped with an action of τ on A by k-algebra automorphisms, then a τ -equivariant, quasi-coherent O X -module is equivalent (by taking global sections on X) to an A-module M equipped with a group action of τ on M as a k-vector space such that g(a·m) = g(a)·g(m). In other words,
We reformulate such τ -equivariant A-modules using the non-commutative kalgebra A#kτ , the "smash" or "semi-direct" product of the Hopf algebra kτ and the left kτ -module algebra A as in [21, 4.1.2] . The multiplication in A#kτ is given by
In what follows, we shall be especially interested in the special case of Example 2.4 in which A = A τ , the commutative k-algebra introduced in Proposition 1.4 for a finite group τ . We view A τ ⊗ M as a τ -equivariant A τ -module as above. In particular, A τ ⊗ kτ is a τ -equivariant A τ -module.
Definition 2.5. Consider some g ∈ τ, g p = e, g = e. We define (g − e) ∨ ∈ lim ← −E∈E(τ) J * E as follows: the projection of (g − e) ∨ to J * E is the linear function on J E sending the basis element x − e ∈ J E to 1 if x = g and sending the basis element x − e to 0 if g = x ∈ E. We define
where
∨ → a g−e for some p r − 1-tuple {a g−e } ∈ (A JE )(K) (where r = rank(E)). We denote by (14) Θ
the specialization of Θ τ along ξ, and we set
Remark 2.6. The preceding definition in the special case
does not seem consistent with the formulation of Θ G ×r a (1) given in [15] ,
Let {g 1 , . . . , g r } be a minimal set of generators of E and consider the isomorphism
where we have identified kG
, we obtain the operator corresponding to Θ G ×r a (1) under this equivalence of group algebras.
Definition 2.7. For any kτ -module M , we define the A τ -linear map
Moreover, the restriction of Θ τ,M along some geometric point ξ :
is given by the action of Θ τ,ξ ∈ Kτ of (14) on the Kτ -module K ⊗ M .
Proof. Let h ∈ τ . We verify that h
On the other hand, applying (
which equals the previous expression once we re-index the sum by g h rather than g. The description of Θ τ,M,ξ follows from the explicit description of (g − e)
∨ and the fact that extension along ξ : A τ → K is achieved by evaluating elements of A τ .
Remark 2.9. It is reasonable to consider the Jordan type of α *
to be the local Jordan type of the τ -module M at ξ ∈ X τ . As observed in Proposition 2.8, this is the Jordan type of the endomorphism Θ τ,M,ξ . Upon identifying a k-rational point of X τ with an element u of some J E , we can identify the local Jordan type of M at u with the Jordan type of u ∈ kτ as an endomorphism of the kτ -module M .
The naturality with respect to τ of Θ τ,M is described in the next proposition. Proposition 2.10. Let φ : σ → τ be a homomorphism of finite groups and consider a kτ -module M together with its restriction to kσ. Then Θ j σ,M is the extension along
Consequently, there are natural σ-equivariant homomorphisms of A σ -modules
and similar homomorphisms with kernel replaced by cokernel or image.
Proof. Let φ * : A τ → A σ denote the map of k-algebras induced by φ. For g ∈ τ not in the image of φ, φ
is the image of Θ τ,M (m) under the base change map φ * ⊗ 1 : A τ ⊗ M → A σ ⊗ M as stated in the first assertion of the proposition for j = 1. For j > 1, we iterate this argument.
The naturality of A σ ⊗ Aτ (−) determines the commutative diagram whose upper row (respectively, lower row) is an exact sequence of τ -equivariant A τ (resp., σ equivariant A σ ) modules
A similar argument applies with kernel replaced by cokernel or image.
We shall utilize the following useful criterion for a coherent sheaf F on a reduced Noetherian scheme X to be locally free (i.e., a vector bundle over X); this is stated as an exercise in [17, II.5.ex5.8] and a proof is given in [15, 4.11] .
Proposition 2.11. Let X be a reduced Noetherian scheme and F a coherent sheaf on X. For each point x ∈ X, let O X,x denote the stalk at x of the structure sheaf O X , let F (x) denote stalk at x of F , and let k(x) denote the residue field of O X,x .Then F is locally free if and only if
whenever x, y lie in the same connected component of X.
Our first application of Proposition 2.11 is the following proof that Θ τ,M is p-nilpotent.
Proposition 2.12. For any finite dimensional kτ -module M , the endomorphism
Proof. We consider the short exact sequence (17) implies that the dimension of coker{Θ We recall that Kτ is a (left) flat KE-module for any E ∈ E(τ ) and that α ξ :
E which is the case if and only if ξ is a point of X τ \X (2) τ Definition 2.13. A kτ module M is said to be of constant j-rank if the rank of
p → KE ⊂ Kτ with E ∈ E(τ ) and field extension K/k. A kτ module M is of constant Jordan type if and only if it is of constant j-rank for each j, 1 ≤ j < p. Theorem 2.14. If M is a finite dimensional τ -module of constant j-rank, then the restrictions to X τ \X
are τ -equivariant vector bundles. Consequently, if M is a finite dimensional τ -module of constant Jordan type, then these coherent sheaves on X τ \X (2) τ are τ -equivariant vector bundles for any j, 1 ≤ j < p.
Proof. The fact that the kernel, cokernel, and image of (Θ τ,M ) j are τ -equivariant, coherent sheaves on X τ arises from the fact that τ -equivariant, coherent sheaves on X τ (i.e., A τ #kτ -modules) form an abelian category and that (Θ τ,M )
j is τ -equivariant.
To show that ker{(
are vector bundles if M has constant j-rank, it suffices by Proposition 2.11 to show that the fiber ker{(
τ . Consider the short exact sequences of sheaves:
Restricted to some neighborhood of
j } is free so that the upper sequence splits upon restriction to this neighborhood; thus, ker{(Θ τ,M )
j } is also locally free upon restriction to X τ \X (2) τ . Observe that the kernel and cokernel of a linear endomorphism of a finite dimensional vector space over a field have the same dimension. Thus, applying Proposition 2.11 once again we conclude that the restriction to X τ \X
j ) is also locally free.
We proceed to formulate the projective version of Θ τ ; as defined, PΘ τ is a τ -invariant global section of the coherent sheaf O PXτ (1) ⊗ kτ , the first Serre twist of the free O PXτ -module (of rank equal to the order of τ ) on PX τ . We recall that A τ is graded, and that the vector space of global sections Γ(PX τ , O PXτ (n)) of O PXτ (n) equals (A τ ) n , the summand of A τ of elements homogeneous of degree n.
In what follows, we implicitly use a theorem of J.-P Serre which enables us to replace a coherent sheaf F on PX τ by the graded A τ -module n≥0 Γ(X τ , F (n)) (see [17, 5.15] ) since A τ is finitely generated, graded k-algebra generated by elements of degree 1. Definition 2.15. We define
For any kτ -module M , we define
as in Definition 2.5, now viewed as a map from the graded
The following theorem is the projective version of Theorem 2.14.
Theorem 2.16. Let M be a finite dimensional kτ -module. Then PΘ τ,M of Definition 2.15 is a map of τ -equivariant, coherent sheaves on PX τ whose p-th iteration,
are τ -equivariant vector bundles. Moreover, if φ : σ → τ is an inclusion of finite groups, then
(and similarly with ker{−} replaced by coker{−} or im{−}) for any finite dimensional τ -module M , where Φ : U σ → U τ is the closed immersion induced by φ.
Proof. The p-nilpotence of PΘ τ,M follows from the fact that Θ p M : A τ ⊗M → A τ ⊗M is 0 as shown in Proposition 2.12. The fact that the kernel, cokernel, and image of (PΘ τ,M )
j are τ -equivariant, coherent sheaves on X τ arises from the fact that τ -equivariant, coherent sheaves on PX τ form an abelian category and that (PΘ τ,M ) j is τ -equivariant.
Assume that M has constant j-rank. As in the proof of Proposition 1.7, let
be an affine open neighborhood of some point ξ ∈ U τ . We essentially repeat the proof of Theorem 2.14 by first observing that im{(PΘ τ,M ) j )} is locally free restricted to Spec(A τ [1/F ξ ]) 0 by definition of constant j-rank and Proposition 2.11. We then use the short exact sequences of sheaves on PX τ :
to conclude that both ker{(PΘ τ,M ) j } and coker{(PΘ τ,M ) j )} are locally free when restricted to U τ .
The naturality statement with respect to an inclusion φ : σ → τ of finite groups follows from Proposition 2.10 granted that the inclusion φ determines Φ :
Remark 2.17. Following [2] , we should also consider subquotients of the form
to obtain further vector bundles associated to kτ -modules of constant Jordan type.
Example of τ = E, an elementary abelian p-group
We recall from [13, 7.5] that Proj H
• (τ, k) is isomorphic to the scheme Π(τ ) of equivalence classes of "π-points of τ ", where a π-point of τ is a flat map α K :
p → Kτ of K-algebras factoring through an abelian subgroup for some field extension K/k; each equivalence class of π-point is represented by a flat map factoring through the group algebra of some E ⊂ τ . As mentioned earlier, for an elementary abelian p-group E and a field extension K/k, a K-algebra map K[u]/u p → KE is flat if and only if u is sent to an element of
is induced by the maps
for E ∈ E(τ ) which are defined as follows. An equivalence class of π-points represented by a non-zero element of u ∈ (J E /J 2 E ) ⊗ K is sent to the intersection with H
• (τ, k) of the kernel of the map in cohomology induced by [13] ). These maps are compatible with inclusions
Since every π-point of kτ is equivalent to one of this form, the map
The following proposition makes explicit the map S
for some i and to 0 otherwise.
Proof. The image of The identification of the restriction map S
induced by s E is quickly checked by observing that the value the dual vector (h − e) ∧ on the basis {g − e; e = g ∈ E} is equal to 1 if h = g and 0 if h = g (see Remark 2.6).
One can interpret the next proposition as saying that the construction of coherent sheaves in Theorem 2.16 refines the construction introduced in [15] for infinitesimal group schemes in the special case of G ×r a(1) (whose group algebra is isomorphic to kZ/p ×r ). The reader is referred to [2] and [1] , where many examples of vector bundles on projective spaces P r−1 are investigated arising from modules of constant Jordan type for elementary abelian p-groups E = Z/p ×r .
Notation 3.2.
We simplify the notation of [15] . For any infinitesimal group scheme G of height ≤ r, any G-module M , and any integer j, 1 ≤ j < p, we use (
Proposition 3.3. let E ≃ Z/p ×r be an elementary abelian p-subgroup of τ and choose elements g 1 , . . . , g r ∈ E which generate E. Let s E : PY E → U E be the splitting of p E : U E → PY E given by this basis (see 8). Then for any finite dimensional kE-module M , the pull-backs along s E of the coherent sheaves
on U τ are naturally identified with the corresponding coherent sheaves
, where M is given the structure of a G ×r a(1) -module using the isomorphism
as formulated in [15, Defn 4.6] . Utilizing the isomorphism (18) to identify modules for kE and for kG ×r a(1) , we easily verify that the isomorphism (18) leads to an identification of
) (1). In particular, we conclude the asserted identification of coherent sheaves on PY E and Proj S
• (g * ⊕r a ). and E ∈ E(τ ), a seemingly stronger condition on M than having constant j-rank. This condition should imply that im{P τ,M } restricted to U
We understand the algebraic K-theory of projective spaces, but there are many difficult questions which remain unanswered about existence and properties of vector bundles on projective spaces (as opposed to their stable equivalence classes). The remainder of this section reflects this lack of understanding. Question 3.5. Consider E ≃ Z/p ×r and a kE-module M of constant j-rank. Are the isomorphism classes of the vector bundles
(see Proposition 3.3) independent of the choice of generators {g 1 , . . . , g r } for E?
Since the construction of the coherent sheaves on
is independent of choice of basis for E, Question 3.5 can be equivalently formulated in terms of the dependence on the choice of section s E (−) of the isomorphism class of pull-backs of vector bundles on U E . We provide a related question whose answer escapes us.
Question 3.6. Fix a given section s E : PY E → U E of p E : U E → PY E and consider two kE-modules M and M ′ of constant j-rank. If
Of course, one can ask the same question for cokernel and image vector bundles.
As
(
There exists a map Ψ :
Proof. Using the isomorphism PX
we readily observe that p E : U E → PY E is the structure map (as a map of schemes) of a direct sum of line bundles; we easily check that each of these line bundles is isomorphic to O PYE (−1).
We define Ψ : . . . , b N , a 1 , . . . , a r , s) with a i = 0 to be sb 1 , . . . , sb N , a 1 , . . . , a r . This clearly patches on the open covering {V i } of PY E to determine Ψ with Ψ UE ×{1} = id UE and Ψ UE×{0} = s E • p E . This implies the second assertion. Fix a splitting s 0 :
. We may parametrize the splittings of
corresponding to the splitting s 0 + h. Define ∆ : PY E × A H → U E to be the map sending the point ( a 1 , . . . , a r , h) ∈ PY E × A H to the point (s 0 + h) 1 (a), . . . , (s 0 + h) N (a), a 1 , . . . , a r ∈ U E . Let ℓ : A 1 → A H be the line with ℓ(0) = s E − s 0 and ℓ(1) = s E ′ − s 0 . Then S E = ∆ |PYE ×ℓ(A1) provides the map asserted in the third statement.
We recall that K 0 (X) of a scheme X is the Grothendieck group of locally free, coherent O X -modules; more explicitly, K 0 (X) is the free abelian group on the set of isomorphism classes of locally free, coherent O X -modules modulo the relations
It is useful to observe that K 0 (X) admits a natural ring structure given by tensor product of O X -modules. If X = Spec A for a commutative ring A, then K 0 (X) is the group completion of the abelian monoid of finitely generated, projective Amodules.
Passing from isomorphism classes of modules to their classes in K 0 loses considerable information. One example of this is that the computation of K 0 (P n ) is well known (isomorphic as a ring to Z[t]/t n+1 , generated as an abelian group by the line bundles O P n , O P n (1), · · · , O P n (n). This stands in contrast to the long-standing geometric challenge of establishing the existence (or proving the non-existance) of indecomposable vector bundles on P n of rank at least 2 and less than n − 1; there are very few sporadic results addressing this problem.
We also recall that K ′ 0 (X) of a scheme X is the Grothendieck group of coherent O X -modules; more explicitly, K 0 (X) is the free abelian group on the set of isomorphism classes of locally free, coherent O X -modules modulo the relations
Proposition 3.8. The maps
In particular, the class in 
(1). Because the construction of ker{(PΘ E,M } does not depend upon a choice of generators for E, the class of ker{(PΘ
E,M } in K 0 (U E ) for M a kE-modules of constant j-rank, Theorem 2.
implies that the class of ker{(PΘ
also does depend upon a choice of generators for E.
Classes in K-theory
In this section, we briefly investigate the maps in K-theory and K ′ -theory given by taking kernels, cokernels, and images of the maps Θ j τ,M and PΘ j τ,M . Here, τ is an (arbitrary) finite group, M is a finitely generated kτ -module, and j is a positive integer with 1 ≤ j < p. As an introduction to equivariant K-theory, we recommend the survey article [19] by A. Merkurjev.
We begin by introducing the following notation. We restriction our attention to K 0 , K ′ 0 , even though the formalism of higher algebraic K-theory applies. Notation 4.1. We recall the following Grothendieck groups. To avoid technicalities, we shall consider only Noetherian schemes.
(1) R k (τ ) (the Green ring of kτ ) is the group completion of the abelian monoid of isomorphism classes of finite dimensional (left) kτ -modules. (2) K 0 (kτ ) is the group completion of the abelian monoid of isomorphism classes of finitely generated, projective (left) kτ -module. Associating to a finite dimensional, projective kτ -module P the vector bundle defined as the restriction to U τ ⊂ PX τ of ker{PΘ j τ,P } similarly determines group homomorphisms (natural with respect to inclusions of finite groups σ → τ )
Once again, a similar statement applies if ker{PΘ The same argument applies to establish κ j : K 0 (kτ ) → K 0 (τ ; U τ ), 1 ≤ j < p, since exact sequences of projective kτ -modules are always split.
Our major tool in investigating K 0 is the following straight-forward consequence of J. Milnor's patching construction [20, §2] . Proposition 4.3. The push-out squares of Remark 1.9 which determine the colimit description PX τ ≃ lim − →E(τ) PX E assure that the data of a vector bundle E τ on PX τ is equivalent to the data of a vector bundle E E on each PX E together with compatible isomorphisms for each pair of
Strictly analogous statements are valid for the colimit description of
Proof. The assertion of patching follows from Milnor's patching results. Namely, these results are extended to push-out squares of the form (9) in Remark 1.9 which involve projective varieties by observing that one can patch locally by restricting to affine open coverings. One then argues inductively to extend the patching from push-out squares to colimits indexed by E(τ ) by realizing these colimits as iterated pushouts of the form (9).
Using Proposition 4.3 and Milnor's Mayer-Vietoris exact sequence [20, 3.3] we obtain the following theorem. 
where the limits are taken in the category of abelian groups. Moreover, push-forward map maps determine τ -equivariant isomorphisms
Consequently, p τ : U τ → PY τ induces a τ -equivariant monomorphism
Proof. The τ -equivariance of the asserted isomorphisms arises from naturality of the restriction maps and of the maps K 0 (−) → K ′ (−). Milnor's Mayer-Vietoris exact sequence applied to push-outs (20)
as in Remark 1.9 takes the following form
is split surjective, these exact sequences yield split short exact sequences
which we view as pull-back squares of abelian groups
In other words, the push-out squares of schemes of the form (9) yield pull-back squares of abelian groups. This implies the identification of K 0 (X τ ) as the abelian group obtained by iterated pull-back squares of the form (22) which we identify as lim ← −E∈E(τ) K 0 (PX E ). The arguments for PY τ or U τ in place of PX τ are the same, except for notational changes. We obtain the asserted isomorphism p *
we consider once again push-out squares of the form (20) . We consider the map of localization exact sequences
with indicated isomorphisms arising from the isomorphism of schemes
is the zero map. Thus, (23) determines a map of short exact sequences. A simple diagram chase now implies that the middle square of (23) is a push-out square of abelian groups. Moreover, we verifiy inductively (on the building of PX τ as iterated push-out squares) that
Finally, observe that for 
We may thus repeat the argument for the τ -equivariant isomorphism lim
We employ the isomorphisms of Proposition 3.8 for elementary abelian p-groups E together with Theorem 4.4 to conclude the following corollary.
Corollary 4.5. For any finite group τ , p τ : U τ → PY τ induces τ -equivariant isomorphisms
Proof. We obtain the asserted isomorphisms using the squares (26)
whose vertical isomorphisms are given by Theorem 4.4 and whose isomorphisms involving limits are given by the isomorphisms of Proposition 3.8 and their naturality. 
are injective, and the natural maps
are surjective.
In this section, we consider the finite group τ = G(F p ) of F p -rational points of a (connected) reductive algebraic group G defined over F p with restricted Lie algebra g and Frobenius kernels G (r) . For a given reductive group G, we require that the prime p be "suitable" for G in order to utilize the exponential map exp : N p (g) → U p (G) constructed by Sobaje, a "Springer isomorphism" with good properties. As a first step, we reframe the work of Carlson, Lin, and Nakano in [6] using our constructions of previous sections. Proposition 5.6 relates τ to G (1) (or equivalently, to the restricted Lie algebra u(g)) by exhibiting a τ -equivariant isomorphism L τ :
In order to deepen this relationship by considering G (r) for r > 1, we next construct in Proposition 5.7 the natural map ℓ (r) E : X E → V r (E), providing a relationship between X E for an elementary abelian p-group E and the variety V r (E) of 1-parameter subgroups of the associated vector group E. The naturality of our constructions allows us to construct ι We begin by constructing analogues for Lie algebras of the constructions given in Section 1 for finite groups. We remark in passing that the Weil restriction R Fq (G ⊗ F q ) of G is a reductive group over F p whose group of F q points equals G(F q ), q = p d . Thus, as in [8] (see also [9] ), much of the following discussion applies to finite groups of the form G(F q ).
The Lie algebra g of G is the base change g = g Fp ⊗ k of the Lie algebra of G Fp . We shall utilize the (finite) partially ordered set E(g Fp ) of elementary Lie subalgebras ǫ Fp ⊂ g Fp ordered by inclusion. We recall that an elementary Lie algebra over k is a finite dimensional vector space ǫ over k with 0 Lie bracket and 0 p-th power operation. The restricted enveloping algebra u(ǫ) of such a Lie algebra is the truncated polynomial algebra S
• (ǫ)/(X p , X ∈ ǫ), isomorphic to the group algebra kE of an elementary abelian p-group of rank equal to the dimension of ǫ.
This is a finitely generated commutative k-algebra (depending contravariantly on g) equipped with a natural grading and a (conjugation) action by τ . We further define
So defined, Y g admits a natural τ -equivariant embedding into N p (g), the closed subvariety of A g consisting of p-nilpotent elements. (On N p (G), τ acts via the restriction of the adjoint action of G on N p (g).)
Proof. The grading of B g and the statement that Y g is the indicated colimit in the category of schemes is proved exactly as in the proof of Proposition 1.4. The actions of τ on B g and Y g are induced by the action of τ on E(g Fp ).
By definition, ǫ ⊗ Fp k is embedded in g as a restricted subalgebra for each ǫ ∈ E(g Fp ) and thus is embedded in N p (g). Since both Y g and N p (g) are stable under the conjugation action of τ , this embedding is τ -invariant.
Remark 5.2. The dimension of Y g equals the maximum of the dimensions of the elementary subalgebras ǫ Fp ∈ E(g Fp ) which is typically much smaller than dim(N p (g)). For example, if G = GL 2n , then the maximal elementary abelian psubgroups of GL 2n (F p ) have rank n 2 where the dimension of
In what follows, we shall require G to satisfy the following hypotheses.
Hypothesis 5.3. Assume that G is a reductive algebraic group over k defined over F p such that p is "suitable" for G in the sense of [9, Defn 1.9]. Namely, p is suitable for G if
Under the conditions of Hypothesis 5.3, the following theorem of P. Sobaje gives a good understanding of "Springer isomorphisms" as we now recall. In the statement below, U p (G) is the closed subvariety of G whose k-points are the elements x ∈ G(k) with x p = e. 
which is suitably behaved when restricted to unipotent radicals of parabolic subgroups of G of nilpotence class < p. Moreover, exp satisfies
Using the Springer isomorphism of Theorem 5.4, J. Warner established the following theorem. In fact, Warner's theorem looked at the enriched categories (considered by Quillen in [24] ) with the same objects but more maps (namely, inclusions followed by adjoint actions). 
The following proposition is a recasting of [6] (see also [13] ). Proposition 5.6. For E ∈ E(τ ), we define
The colimit indexed by E(τ ) of the associated maps of k-schemes
Proof. The map ℓ E was constructed in [12, 5.8] . The fact that ℓ E (J 2 E ) = 0 follows from the properties of exp and thus of ℓ E given in Theorem 5.4 and the identity (29) (gh − e) = (g − e) + (h − e) + (g − e)(h − e) ∈ J E .
Namely, we conclude that the element (g − e)(h − e) ∈ J 2 E is sent via
The isomorphism of colimits follows from the isomorphism of indexing categories given in Proposition 5.5. The fact that this isomorphism is τ invariant follows from the observation that the τ actions arise from the actions of τ on E Fp (g) and E(τ ) and that these are τ equivalent by Proposition 5.5.
Finally, Pι τ is given as the projectivization of the composition of L τ and the embedding Y g ֒→ N p (g) of Proposition 5.1.
As shown in [29] , the variety V r (G a(r) ) of 1-parameter subgroups of height r of G a is naturally isomorphic to Spec k[
] is given the grading determined by the action of (G a(r) ) to the 1-parameter subgroup corresponding to the polynomial p(sT ). With this grading, X i has "weight" p i . In the next proposition, we extend Proposition 5.6 to provide a graded map ℓ (r)
Proposition 5.7. Fix some r > 0. Let E be an elementary abelian p-group of rank
We identify E with the F ppoints of E Fp , and choose a basis g 1 , . . . , g s for E, setting
with grading given by wt(X
E satisfies the following properties:
* is a map of graded k-algebras, inducing
which is the composition of a p-isogeny and a closed immersion.
Proof. Assertion (1) follows from the observation that (
We verify assertion (2) by observing that ((g j − e) ∨ )
Assertion (4) follows from assertion (3) which tells us that that ℓ (r) E factors through A JE ։ A JE /J 2 E and thus does not depend upon a splitting of
, whose associated map of schemes is a composition of a p-isogeny and a closed immersion.
One special aspect of the algebraic group E is the existence of an inverse (given by truncation) of the natural inclusion kE (r) → kE (defined as the "dual" of the quotient map k[E] → k[E (r) ]). We denote the composition of the natural inclusion kE ֒→ with this inverse by tr E : kE → kE (r) .
The following proposition relates the universal p-nilpotent operator Θ E ∈ A E ⊗ kE to the universal p-nilpotent operator Θ E (r) .
Proposition 5.8. Retain the notation of Proposition 5.7. Modulo terms in Rad 2 (kE (r) ), the universal p-nilpotent operator Θ E (r) equals
Modulo terms in Rad 2 (kE), Θ E equals
for any choice of basis {g 1 , . . . , g r } of E (so that Θ E is the restriction of
In other words, we have the following commutative square
Proof. The explicit description of Θ E (r) is given towards the end of the proof of [29, Prop 6.5] . The description of Θ E is implicit in the first sentence of the proof of Proposition 3.1.
Since B E is reduced, to verify the commutativity of (34) it suffices to consider the composition of the two maps k[E (r) ] → B E with the valuation maps c(g j − e) : B E → K for each j, 1 ≤ j ≤ s and each c ∈ K for field extensions K/k (these are the geometric points of Y E = Spec B E ). An explicit computation verifies that each of these compositions sends X
As for Θ τ in Definition 2.7 and PΘ τ in Definition 2.15, the operators of the previous proposition produce determine module homomorphisms. These are the subject of the next proposition. For any kE-module M of constant j-rank, the kernel, cokernel, and image of (35)
are coherent sheaves on PX E × A 1 which restrict to vector bundles on U E × A 1 . Similarly, If M is a E (r) -module of constant j-rank, then the kernel, cokernel, and image of
The analogous equalities with kernel replaced by image and with kernel replaced by cokernel are also valid.
Proof. The identification of the kernel, image, cokernel of PΘ E,M (r−1) as r − 1-st Frobenius twists of the kernel, image, cokernel of PΘ E,M follows directly from the observation that Θ E (r−1) is the pull-back along the r −1-st Frobenius F r−1 :
We readily verify that (35) is a well defined map of M ⊗O PXE ×A 1 -modules arising from a homogeneous A E [t]-endomorphism of M ⊗ A E [t] of degree jp r−1 . To verify that the asserted kernels, cokernels, and images are vector bundles, it suffices by Proposition 2.11 to verify that these have fibers at points of PX E × A 1 of dimension equal to the constant j-rank of M . This follows from the observation that the fibers of PΘ (r−1)
) j at points of PX E are all of smaller dimension. This latter fact is a consequence of the fact that at each K-point of PX E the action of this difference operator is given by an element of Rad j+1 (KE) on K ⊗ M which necessarily has rank less than the (constant) rank of the j-th power of elements of
Observe that the vector bundles of U E given by restricting ker{(PΘ E,M (r−1) ) j },
of the kernel vector bundle on U E × A 1 associated to (35). Thus, homotopy invariance of K 0 (−) tells us that the classes of these vector bundles in K 0 (•U E ) are equal. Replacing kernels by either images or cokernels gives the corresponding equality of classes in K 0 (•U E ).
The verification of the analogous statements for E (r) -modules M of constant j-rank requires only notational changes of the verification for kE-modules.
We recall the following definition of exponential degree for a rational G-module. 
for any 1-parameter subgroup ψ :
is the sub-coalgebra of polynomials of degree < p r .
Every finite dimensional rational G-module M has finite exponential degree provided that 1-parameter subgroups G a → G are parametrized by finite sequences of elements of g. This is the case for G equal to E or for G satisfying Hypothesis 5.3 .
Proposition 5.11. Retain the notation of Propositions 5.7 and 5.8; in particular, E is an elementary abelian p-group of rank s and E ≃ G ×s a . Let M be a finite dimensional rational E-module whose restriction to E (r) has non-zero constant jrank and which has exponential degree < p r . Thus, the restriction of M to E has constant j-rank equal to constant j-rank of M restricted to E (r)) .
The classes in K 0 (U E ) of the (r − 1)-st Frobenius twists of the vector bundles
on U E constructed in Theorem 2.16 are equal to the images under
of the classes of the corresponding vector bundles
Proof. By [9, Thm 4.11] , if M has constant j-rank for E (r) and has exponential degree < p r , then M has constant j-rank for kE. By Proposition 5.9, it suffices to replace the (r−1)-st Frobenius twists of kernel, image, and cokernel of (PΘ E,M ) j by the kernel, image, and cokernel of (PΘ E,M (r−1) ) j , and it suffices to replace kernel, image, and cokernel of (PΘ E (r) ,M ) j by kernel, image, and cokernel of (PΘ E (r) ,M ) j . Under the hypothesis that M has exponential degree < p r , we claim that the equality (33) implies that the kernel, image, and cokernel of PΘ E,M (r−1) are isomorphic as coherent sheaves on PX E to the result of applying (Pℓ (r) E ) * to the kernel, image, and cokernel of PΘ E (r) ,M j . Namely, this hypothesis implies that
) which by (33) equals the restriction along Pℓ
We extend the construction of ℓ 
Consequently, the colimit indexed by E ∈ E(τ ) of the maps
is a well defined, τ -equivariant, graded map which projects to ℓ (r−1) τ and factors through the projection p τ :
E ′ is a consequence of Proposition 5.7(4) and naturality of exp with respect to an inclusion of elementary subalgebras of g. This implies that the colimit ℓ E is graded and since the grading on V r (G) is functorial with respect to G, we conclude that ℓ τ is τ -equivariant we verify the commutativity for each x ∈ τ of the following diagram (37)
where c x denotes conjugation by x. The commutativity of the left square is seen by examining the definition of ℓ (r) E in (30) , whereas the commutativity of the right square follows by naturality of V r (−) and the equality c
τ is a map of graded k-algebras, it induces Pℓ We now extend Proposition 5.11 to G. The theorem below sharpens relationships between the restrictions to G(F p ) and to G (1) of a rational G-module established for example in [18] , [6] and later investigations of the relationships between the restrictions of M to G(F p ) and G (r) . Thanks to Corollary 4.6 and the construction of ℓ (r) τ in Proposition 5.12, the proof follows "immediately" from Proposition 5.11.
Theorem 5.13. Assume that G satisfies the conditions of Hypothesis 5.3. Let M be a finite dimensional rational G-module whose restriction to G (r) has non-zero constant j-rank and which has exponential degree < p r . Thus, the restriction of M to τ ≡ G(F p ) has constant j-rank equal to that of M restricted to G (r)) .
The classes in K 0 (U τ ) of the (r − 1)-st Frobenius twists of the vector bundles
on U τ constructed in Theorem 2.16 are equal to the images under
Proof. Because M has exponential degree < p r , M has constant j-rank for τ whenever M has constant j-rank for G (r) by [9, Cor 4.14] . Corollary 4.6 tells us that the natural map
is injective, where {E 1 , . . . , E s } are the maximal elements of E(τ ). Naturality of our constructions implies that it suffices to verification the asserted equalities for each E i in place of τ . This is the content of Proposition 5.11.
Remark 5.14. The correspondence in Proposition 3.3 is not associated to maps of (finite) group schemes, rather uses an identification of algebras of the nonisomorphic Hopf algebras kE and kG ×s a . The necessity of considering higher order Frobenius kernels as in Theorem 5.13 is particularly evident when considering a rational G-module M which is the Frobenius twist M = N (1) of another rational G-module N . In this case, the restriction of M to G (1) is trivial.
Considerations for G ⋊ τ
Throughout this section, G will denote an infinitesimal group scheme (i.e., a group scheme whose coordinate algebra is a local, finite dimensional k-algebra whose maximal ideal is nilpotent) of height ≤ r for some r > 0 and τ will denote a finite group. If k is algebraically closed, then any finite group scheme over k is of the form G ⋊ τ , where G is the connected component of the finite group scheme and τ is its group of connected components. In this section, we associate vector bundles to modules of constant j-type for such semi-direct products G ⋊ τ .
We first consider the case that the action of τ on G is trivial; in other words, we consider G × τ .
We recall the map of k-algebras
; this is a Hopf algebra map if and only if r = 1. For any K-point ψ of the affine scheme V r (G) corresponding to the 1-parameter subgroup ψ : G a(r),K → KG, we associate the following π-point of G
(Here, and in what follows, we denote by kG the k-linear dual of the coordinate algebra
where E ⊂ τ is some elementary abelian p-subgroup such that u ∈ J E ⊗ K is a K point of X E = A JE ⊂ X τ and α u : K[t]/t p → KE sends t to u.
Definition 6.1. We set
Similarly, we define
G×τ . We recall that k[V r (G)] admits a natural grading (see [29] ) and thus so does A G×τ .
We define
G×τ . Finally, we equip
G×τ , PY G×τ , U G×τ with the actions of τ determined by the trivial action on V r (G) and the action on X τ determined by the action of τ on the partially ordered set E(τ ) of elementary abelian p-subgroups of τ .
We recall the natural map of finitely generated k-algebras ψ : [29] which is a "p-isogeny" as proved in [30, Thm 5.2] ; in other words, every element of the kernel of ψ has some p-th power 0 and every element is k[V r (G)] has some p-th power in the image of ψ. This implies that the morphism on prime Since Θ G×τ is homogeneous of degree p r−1 in A G×τ ⊗ k(G × τ ) viewed as a graded module over the (commutative) graded algebra A G×τ with k(G × τ ) placed in degree 0, Θ G×τ determines
and restricts to
The following theorem is the evident generalization of Theorem 2.16; the proof of the latter theorem applies to prove Theorem 6.4 with only minor "notational changes" replacing U τ , PX τ , Θ τ , A τ by their generalizations U G×τ , PX G×τ , Θ G×τ , A G×τ , and adjusting references accordingly.
Theorem 6.4. Let τ be a finite group and G an infinitesimal group scheme G of height ≤ r. If M is a finite dimensional G × τ -module of constant j-rank, then the restrictions to U G×τ of the τ -equivariant coherent sheaves on PX G×τ
are τ -equivariant vector bundles on U G×τ .
We now consider a general semi-direct product G ⋊ τ with G infinitesimal and τ finite. We utilize the limits lim − →(E ′ ,E)⊂τ and lim ← −(E ′ ,E)⊂τ indexed by the partially ordered subset of pairs (E ′ ⊂ E) of elementary abelian p-subgroups of τ ; a map of such pairs (
Observe that τ acts on this indexing category, with g ∈ τ sending (E ′ ⊂ E) to ((E ′ ) g ⊂ E g ). We consider the natural map from pairs (E ′ , E) ⊂ τ to subgroup schemes of G ⋊ τ :
where G E ⊂ G is the centralizer of E in G. Since G E ⊂ G is also infinitesimal, it is connected. Observe that
Proposition 4.12 of [13] (see also Corollary 5.4 of [12] ) asserts that the Π-point space Π(G ⋊ τ ) (isomorphic as schemes to Proj H
• (G ⋊ τ, k)) is given by the following:
( lim − → (E ′ ,E)⊂τ
This suggests extending Theorem 6.4 by using Theorem 6.4 and applying lim − →(E ′ ,E)⊂τ (−), which we now proceed to do. Proposition 6.5. Consider G ⋊ τ with G infinitesimal of height ≤ r for some r > 0 and τ finite. The limits
G⋊τ ≡ lim ← − (E,E ′ )⊂τ
are finitely generated commutative k-algebras equipped with actions of τ and natural gradings. These algebras are the coordinate algebras of the affine schemes representing the indicated colimits of schemes
G E ×E ′ .
Applying Proj(−), we obtain the following schemes (the first two of which are projective)
PX G⋊τ , PY G⋊τ , U G⋊τ ≡ PX G⋊τ \PX
G⋊τ ≃ lim − → (E,E ′ )⊂τ
The natural maps p G⋊τ : X G⋊τ → Y G⋊τ ; p G⋊τ : U G⋊τ → PY G⋊τ are τ -equivariant.
Furthermore, there is a natural p-isogeny PY G⋊τ /τ ≃ → Π(G ⋊ τ ).
Proof. We consider the colimit lim − →(E,E ′ )⊂τ
by push-out squares as follows. We let {E i,1 , . . . E i,ni } denote the set of the elementary abelian subgroups of τ of rank i. We begin with V r (G) and take the pushout of
which we denote by C 1 . By attaching each V r (G E1,j ) × A J(E1,j ) one at a time, we may express C 1 as a succession of pushouts with both "left arrow" and "right arrow" a closed immersion. We proceed inductively with the respect to i to construct C i+1 . Namely, we view C i+1 as the pushout (for a fixed i) of
We proceed by induction on j, 1 ≤ j ≤ n j , viewing C i+1 as a colimit of pushouts C i,j defined as the pushouts (now for a fixed i, j)
We identify this pushout as the pushout (once again for fixed i, j) of (41)
where E(E i,j ) ′ is the partially ordered subset of proper subgroups of E i,j . The colimit in (41) is shown to be representable and the map to V r (G Ei,j ) × A J(Ei,j ) is verified to be a closed embedding using a simple version of the argument Proposition 1.2 which in turn uses Theorem 1.1. The left map of (41) is the natural map from the colimit to C i,j−1 which is recursively seen to be a closed immersion.
Consequently, proceeding step by step along this iterated induction context, we conclude that
is representable, constructed as the spectrum of the inverse limit of corresponding coordinate algebras of V r (G E ) × A J E ′ .
The representability of lim − →(E,E ′ )⊂τ
G E ×E ′ is proved in a completely similar fashion. The construction of the map p G⋊τ : X G⋊τ → Y G⋊τ follows easily from the functorial property of colimits. The associated projective schemes PX G⋊τ , PY G⋊τ and the map U G⋊τ → PY G⋊τ are constructed using the gradings as in Section 2. The asserted τ -equivariance of p G⋊τ follows from the τ -equivariance of p τ .
Finally, the fact that the natural map (lim − →(E,E ′ )⊂τ
is a p-isogeny is essentially given in [12, 5.4 ] (see also [13, 4.12] ). On the other hand, the p-isogeny Π( Definition 6.6. Consider the semi-direct product G⋊τ where G is an infinitesimal group scheme over k and τ is a finite group. We define
For any finite dimensional k(G ⋊ τ )-module M , we define Proof. We view Θ G⋊τ,M as a map of the graded A G⋊τ -module M ⊗ A G⋊τ to the graded module M ⊗ A G⋊τ [1] , thereby determining PΘ G⋊τ,M . Since Θ G⋊τ,M is the limit of graded maps of A G E ×E ′ -modules,
Since each PΘ G E ×E ′ ,M has p-th power is 0, the p-th power of PΘ G⋊τ,M is also 0. To prove that Θ G⋊τ,M is τ -equivariant, we adapt the proof of Proposition 2.8 for Θ τ,M . For m ∈ M we write
where for each (E, E ′ ) the sum is indexed by finitely many 4-tuples
Applying g ∈ τ to Θ G⋊τ,M (m) gives
which equals Θ G⋊τ,M (g(m)) (after reindexing). The τ -equivariance of Θ G⋊τ,M implies the τ -equivariance of PΘ G⋊τ,M .
We provide one last construction of vector bundles, this time associated to finite dimensional G ⋊ τ -module of constant j-rank. Theorem 6.8. Consider the finite group scheme G ⋊ τ , with G infinitesimal of height ≤ r and τ a finite group. If M is a finite dimensional G ⋊ τ -module of constant j-rank, then the restrictions to U G⋊τ of the coherent sheaves on PX G⋊τ ker{(PΘ G⋊τ,M ) j }, coker{(PΘ G⋊τ,M ) j )}, im{(PΘ G⋊τ,M ) j } τ -equivariant are vector bundles on U G⋊τ .
Proof. Since U G⋊τ = lim − →(E,E ′ )⊂τ U G E ×E ′ , it suffices to observe that each of ker{(PΘ G⋊τ,M ) j }, coker{(PΘ G⋊τ,M ) j )}, im{(PΘ G⋊τ,M ) j } restrict to vector bundles on each U G E ×E ′ by Theorem 6.4 and apply Milnor's patching argument [20, Thm 2.1] .
